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We present a systemati study of quantum phases in a one-dimensional spin-polarized Fermi gas.
Three omparative theoretial methods are used to explore the phase diagram at zero temperature:
the mean-eld theory with either an order parameter in a single-plane-wave form or a self-onsistently
determined order parameter using the Bogoliubov-de Gennes equations, as well as the exat Bethe
ansatz method. We nd that a spatially inhomogeneous Fulde-Ferrell-Larkin-Ovhinnikov phase,
whih lies between the fully paired BCS state and the fully polarized normal state, dominates most
of the phase diagram of a uniform gas. The phase transition from the BCS state to the Fulde-
Ferrell-Larkin-Ovhinnikov phase is of seond order, and therefore there are no phase separation
states in one-dimensional homogeneous polarized gases. This is in sharp ontrast to the three-
dimensional situation, where a phase separation regime is predited to oupy a very large spae
in the phase diagram. We onjeture that the predition of the dominane of the phase separation
phases in three dimension ould be an artifat of the non-self-onsistent mean-eld approximation,
whih is heavily used in the study of three-dimensional polarized Fermi gases. We onsider also the
eet of a harmoni trapping potential on the phase diagram, and nd that in this ase the trap
generally leads to phase separation, in aord with the experimental observations for a trapped gas
in three dimension. We nally investigate the loal fermioni density of states of the Fulde-Ferrell-
Larkin-Ovhinnikov ansatz. A two-energy-gap struture is shown up, whih ould be used as an
experimental probe of the Fulde-Ferrell-Larkin-Ovhinnikov states.
PACS numbers: 03.75.Ss, 05.30.Fk, 71.10.Pm, 74.20.Fg
I. INTRODUCTION
Sine the suessful demonstration of a magneti Fes-
hbah resonane[1℄ and the reation of optial latties[2℄,
ultraold atomi Fermi gases have beome a topi of great
urrent interest[3℄. Thanks to these key tools, the inter-
atomi interations and even the dimensionality of ul-
traold atomi Fermi gases an be easily tuned, whih
makes them ideal andidates to simulate novel quan-
tum many-partile systems. Therefore, an intriguing
opportunity is opened for studying some long-standing
problems, suh as the rossover from Bardeen-Cooper-
Shrieer (BCS) superuidity to Bose-Einstein onden-
sate (BEC) [4, 5, 6, 7, 8, 9℄, and models of high tem-
perature superondutivity. These remarkable prospets
have attrated attention from many researhers, rang-
ing from ondensed matter physis to atomi moleular
and optial physis, and even partile and astro physis.
Experimentally, superuidity of an ultraold Fermi gas
at the strongly interating BCS-BEC rossover has been
strikingly demonstrated[10, 11, 12, 13, 14, 15, 16, 17, 18,
19, 20, 21℄. This is a landmark ahievement in the history
of physis.
Reent experiments have now generated ultraold
atomi Fermi gases with nite spin polarization[22, 23,
24, 25, 26, 27℄. That is, the two spin omponents have
unequal populations. However, the physial understand-
ing of the ground state of a polarized atomi gas remains
an open question. The standard BCS model - though
not quantitatively aurate for strong interations - is
still qualitatively orret when there is no spin polar-
ization. This simply involves Cooper pairing between
spin up and spin down atoms with opposite momenta
at the same Fermi surfae. A polarized Fermi gas an-
not be explained within standard BCS theory beause
the Fermi surfaes of the two spin omponents are mis-
mathed. Non-standard forms of pairing must exist to
support superuidity in this polarized environment.
The study of polarized Fermi gases an be traed bak
to the middle of the twentieth entury, soon after the
seminal BCS theory paper. Similar theoretial propos-
als were independently given by Fulde and Ferrell [28℄,
and Larkin and Ovhinnikov [29℄ (FFLO). These authors
suggested that Cooper pairs may aquire a nite enter-
of-mass momentum [30℄. In suh an ansatz, the two mis-
mathed Fermi surfaes an overlap, thereby supporting
a spatially inhomogeneous superuidity. The searh for
the existene of the predited FFLO state has lasted for
more than four deades. Only very reently has there
been indiret experimental evidene for observing suh
states in the heavy fermion superondutor CeCoIn5 [31℄.
Due to the shrinkage of the available phase spae for pair-
ing, the FFLO state is now thought to be very fragile in
three dimensions. Alternative pairing senarios inlude:
Sarma superuidity [32, 33, 34℄, a deformed Fermi surfae
[35, 36, 37℄, and breahed pairing [38℄. However, at zero
temperature these phases may suer from an instability
towards phase separation. As a result, a phase separa-
tion regime onsisting of a onventional BCS superuid
and a normal uid may be favored in three dimensions
2[39℄.
The above theoretial issues were not ompletely re-
solved in urrent measurements on polarized
6
Li gases
near a broad Feshbah resonane, arried out at MIT
[22, 23, 24, 25℄ and Rie university [26, 27℄. Though
a lear quantum phase transition from a superuid to
normal state was observed [22℄, the nature and the
order of the transition ould not be determined due
to the nite experimental resolution. The presene
of a harmoni trap in these experiments aused addi-
tional diulties in interpreting the experimental re-
sults. A number of theoretial papers have sought to ex-
plain these experiments on polarized atomi Fermi gases
[40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55,
56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71,
72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 83, 84℄. >From
these analyses, the issues that require timely lariation
may be summarized as follows:
(A) Struture and detetion of FFLO states. De-
spite a long history, the preise struture of the FFLO
states remains elusive [30℄. Current investigations of
FFLO states rely mostly on the use of a single-plane-
wave form for the pairing order parameter ∆(x), where
∆(x) = ∆0 exp[iq · x], as initially proposed by Fulde and
Ferrell [28℄ (FF). Here q is the enter-of-mass momen-
tum of the Cooper pairs, and the ansatz implies that the
magnitude of the order parameter and density is on-
stant in spae [44, 48, 65℄. The resulting window for the
FFLO state in parameter spae turns out to be very nar-
row [44℄. Can we expet a larger parameter range after
an optimization of the FFLO proposal? Indeed, by im-
proving the form of the order parameter to the Larkin
and Ovhinnikov (LO) type, ∆(x) ∝ cos[q · x], Yoshida
and Yip have found reently that the FFLO state beame
more stable [54℄. On the other hand, so far there is no
onlusive evidene for the experimental observations of
FFLO states [30℄.
(B) Intrinsi reason for phase separation. The narrow
window of the FFLO state may require phase separa-
tion to ll the gap between BCS and FFLO phases in
the phase diagram [39℄. Experimentally, a shell stru-
ture in the density prole of polarized Fermi gases was
observed [23, 26℄, suggesting an interior ore of a BCS
superuid state with an outer shell of the normal om-
ponent. Phase separation in trapped systems, however,
annot be used as a denitive support of the existene
of phase separation in a homogeneous gas, sine the trap
favors separation.
(C) Quantitative approah for polarized Fermi gases
at the BCS-BEC rossover. A more serious problem is
the validity of the mean-eld approah. The experiments
were done in the strongly interating BCS-BEC rossover
regime, where for the quantitative purpose strong pair
utuations must be taken into aount [5, 6, 7, 9℄. Be-
ause of the lak of reliable knowledge of the superuid
phase, these pair utuations are usually only onsidered
above the superuid transition temperature [49, 55℄. For
the same reason, numerial quantum Monte Carlo simu-
lations have been restrited to the normal state [56, 64℄
and hene annot provide useful information for the su-
peruid state.
To gain a qualitative insight into these ruial points,
in a reent Letter [85℄, we have onsidered a polarized
Fermi gas in one dimension (1D) at zero temperature. In
this ase the model in free spae is exatly soluble via
a Bethe ansatz solution [86, 87, 88, 89, 90, 91, 92℄. We
have established the 1D phase diagram of the polarized
gas, both in the uniform situation and in the experimen-
tally important trapped environment. Complemented by
a mean-eld Bogoliubov-de Gennes (BdG) alulation,
we have shown that a phase similar to the FFLO-type
polarized superuid is the most widespread in the phase
diagram. Using a loal density approximation to aount
for the harmoni trapping potential, we have found that
the trap generally leads to phase separation, with at least
one FFLO-type phase present at the trap enter.
In this paper, we disuss these results in greater detail,
and ompare them to other approximations. We parti-
ularly fous on the self-onsistent BdG method, whih
we previously treated briey[85℄. To address the issue
of the dierent possible FFLO strutures, we present a
simplied mean-eld alulation with a single-plane-wave
assumption for the order parameter, and ompare it with
the self-onsistent BdG results. These systemati inves-
tigations give rise to a omprehensive quantitative un-
derstanding of the 1D polarized Fermi gas. We note that
a qualitative piture was also obtained in earlier some
works, whih were based on a non-perturbative bosoniza-
tion analysis [93℄ or a mean-eld approximation with an
additional assumption on the single-partile energy spe-
trum [94, 95℄. However, the resulting phase diagram was
not onlusive, and the nature of the transition from BCS
to FFLO states was under debate [93℄.
Stritly speaking, any mean-eld approah is only valid
in the weak oupling limit. As the interation strength
inreases, the pair utuations beome inreasingly im-
portant, and therefore have to be taken into aount.
This is partiularly notieable in 1D, where true long-
range order is ompletely destroyed by utuations in a
homogeneous system in the thermodynami limit [93℄,
aording to the well-known Hohenberg-Mermin-Wagner
theorem. To avoid this tehnial diulty, we therefore
understand that the polarized gas under study is onned
either in a box with a nite length L or in a harmoni
trap (following the experiments), although sometimes we
would like to extend the length L to innity.
The key results of the present work are that the stru-
ture of the 1D FFLO state is laried. The transition
from the BCS state to the FFLO state is shown to be
smooth, in marked ontrast to the predition of a rst
order transition in 3D [44℄. Therefore, a 1D phase sep-
aration is exluded in the phase diagram of the uniform
system. The phase separation in traps found in our pre-
vious Letter is indeed simply an artifat of the paraboli
trap, as we antiipated. It is possible that similar eets
are responsible for the phase separation observations in
3the Rie experiment [26℄, whih uses a high aspet ratio,
elongated 3D trap.
It should be emphasized that as well as being an in-
strutive theoretial test bed for the ground state prob-
lem for a 3D gas, a 1D polarized Fermi gas in a trap an
be realized exatly using two-dimensional optial latties
[96, 97℄. In these experiments the radial motion of atoms
is frozen to zero-point osillations due to a tight trans-
verse onnement, while the axial motion is weakly on-
ned. Thus, one an realize a low-dimensional quantum
many-body system, and experimentally hek the many-
body preditions diretly. This has also been reently
arried out for a 1D Bose gas [96, 98℄.
The paper is organized as follows. In the following
setion, we outline the theoretial model for a 1D spin-
polarized Fermi gas. In Se. III, we haraterize the
uniform phase diagram by using a simplied mean-eld
approah with a single-plane-wave like order parameter,
i.e., the so-alled FF solution for the FFLO state. This
provides us with an approximate piture of the ground
state of a 1D polarized gas. An improved self-onsistent
BdG alulation is then given in Se. IV, without any as-
sumption for the order parameter. The underlying stru-
ture of the FFLO states at all spin polarizations is then
analyzed. The omparison between these two dierent
mean-eld approahes shows that the simple FF ansatz
fails to apture the orret physis around the BCS-
FFLO transition point. It therefore predits the wrong
type of transition. We onlude that in a 3D polarized
gas ase, the FF ansatz ould lead to the same inorret
onlusion. In Se. V the validity of these 1D mean-eld
analyses in the weak-oupling or intermediate-oupling
regime is heked using exat Bethe ansatz solutions. A
quantitative phase diagram of a homogeneous gas is ob-
tained by gathering all the information from these three
methods.
In Ses. VI and VII we study the trapped ase, us-
ing either the self-onsistent BdG equations or the ex-
at solution within the loal density approximation. We
again nd a good agreement between these two results
for weak and moderate ouplings. The phase diagram
of the trapped gas is thereby determined. We also al-
ulate the loal fermioni density of states of the FFLO
states. A two-energy-gap struture is predited, whih is
potentially useful for the experimental detetion of FFLO
states. Finally, Se. VIII is devoted to the onlusions
and some nal remarks.
II. MODELS
Consider a polarized Fermi gas with a broad Feshbah
resonane in a highly elongated trap formed using a two
dimensional optial lattie [96℄. By suitably tuning the
lattie depth, the anisotropy aspet ratio λ = ωz/ωρ of
two harmoni frequenies an be extremely small. As
long as the Fermi energy assoiated with the longitudinal
motion of the atoms is muh smaller than the energy level
separation along the transverse diretion, i.e., kBT ≪
~ωρ and N~ωz ≪ ~ωρ, where N is the total number of
atoms, the transverse motion will be essentially frozen
out. One ends up with a quasi-one dimensional system.
The eetive Hamiltonian of the 1D polarized attrative
Fermi gas then may be desribed by a single hannel
model [21, 99, 100, 101℄,
H =
∑
σ
∫
dxΨ+σ (x)
[
−~2∇22m + Vtrap (x) − µσ
]
Ψσ (x)
+ g1D
∫
dxΨ+↑ (x)Ψ
+
↓ (x) Ψ↓ (x)Ψ↑ (x) , (2.1)
where the pseudospins σ =↑, ↓ denote the two hyperne
states, and Ψσ (x) is the Fermi eld operator that annihi-
lates an atom at position x in the spin σ state. The num-
ber of atoms in eah spin omponent is Nσ and the total
number of atoms is N = N↑ +N↓. Two dierent hemi-
al potentials, µ↑,↓ = µ± δµ, are introdued to take into
aount the population imbalane δN = N↑ − N↓ > 0.
The potential Vtrap (x) = mω
2x2/2 denes a harmoni
trap with an osillation frequeny ω = ωz in the axial
diretion. In suh a quasi-one dimensional geometry, it
is shown by Bergeman et al. [102℄ that the sattering
properties of the atoms an be well desribed using a
ontat potential g1Dδ(x), where the 1D eetive ou-
pling onstant g1D < 0 may be expressed through the
3D sattering length a3D,
g1D =
2~2a3D
ma2ρ
1
(1−Aa3D/aρ) . (2.2)
Here aρ =
√
~/(mωρ) is the harateristi osillator
length in the transverse axis, and the onstant A =
−ζ(1/2)/√2 ≃ 1.0326 is responsible for the onne-
ment indued Feshbah resonane [102, 103, 104℄, whih
hanges the sattering properties dramatially when the
3D sattering length is omparable to the transverse
osillator length. It is also onvenient to express g1D
in terms of an eetive 1D sattering length, g1D =
−2~2/ (ma1D), where
a1D = −
a2ρ
a3D
(
1−Aa3D
aρ
)
> 0. (2.3)
Note that in the denition of the 1D sattering length,
the sign onvention is opposite to the 3D ase.
In this paper, we will assume a negative 3D satter-
ing length. In other words, the 1D attrative polarized
Fermi gas would be obtained experimentally from a 3D
polarized gas on the BCS side of the Feshbah resonane
magneti eld [105, 106℄.
In the absene of the harmoni trap, we measure the
interations by a dimensionless parameter γ, whih is the
ratio of the interation energy density eint to the kineti
energy density ekin [107℄. In the weak oupling limit,
eint ∼ g1Dn and ekin ∼ ~2k2/(2m) ∼ ~2n2/m, where n
4is the total linear density. Therefore, one nds
γ = −mg1D
~2n
=
2
na1D
(2.4)
Thus, γ ≪ 1 orresponds to the weakly interating limit,
while the strong oupling regime is realized when γ ≫ 1.
In the ase of a trap, we may haraterize the inter-
ations using the dimensionless parameter at the trap
enter γ0 = γ(x = 0). For an ideal two-omponent Fermi
gas with equal spin populations, the total linear density
is
nideal (x) = n0
(
1− x
2
x2TF
)1/2
, (2.5)
in the Thomas-Fermi (TF) approximation, where
n0 =
2N1/2
πaho
, (2.6)
xTF = N
1/2aho, (2.7)
are respetively the enter linear density and the TF ra-
dius. Here aho =
√
~/(mωz) is the harateristi osilla-
tor length in the axial diretion. We thus estimate
γ0 =
π
N1/2
(
aho
a1D
)
. (2.8)
In our previous Letter [85℄, we have dened a dimen-
sionless quantity κ = Na21D/a
2
ho to desribe the intera-
tions. These are related via γ0 = π/(
√
κ).
Finally, we use a apital P = (N↑−N↓)/N to label the
total spin polarization, and p = (n↑ − n↓)/n to denote
the loal (or uniform) spin polarization.
To make the experimental relevane, we estimate the
dimensionless interation parameters for the on-going ex-
periments on one-dimensional polarized Fermi gases. A
gas of
6
Li atoms in a three-dimensional optial lattie
has been suessfully produed by the MIT group [19℄.
Thus, we onsider the ase of
6
Li gas loaded into a two-
dimensional optial lattie with the same parameters.
Typially, in eah one-dimensional tube the number of
6
Li atom is about N ∼ 100. The transverse osillator
length aρ is related to the periodiity of the lattie d via
aρ = d/(πs
1/4) [108℄, where s is the ratio of the lattie
depth to the reoil energy. Taking s = 4, the experi-
mental value of d = 532nm then yields aρ ≃ 120nm. An
axial onnement of ω ∼ 2π×400Hz gives rise to an axial
osillator length aho =
√
~/(mω) ≃ 2µm. Further, the
three-dimension sattering length of
6
Li gas at the broad
resonane is given by [109℄, a3d = −1405a0[1+ 300/(B−
834)][1 + 0.0004(B − 834)], where the magneti eld B
is measured in Gauss and a0 = 0.0529nm is the Bohr
radius. We then use the relation,
γ0 = − π
N1/2
ahoa3D
a2ρ
1
(1−Aa3D/aρ) , (2.9)
to estimate the dimensionless oupling onstant at the
trap enter.
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Figure 1: (Color online) Dimensionless oupling onstant at
the trap enter as a funtion of the magneti eld. This plot is
designed speially to represent a polarized gas of
6
Li atoms
in a two-dimensional optial lattie, assuming the same on-
ditions as in the MIT experiment [19℄. In detail, we take
the total number of atoms as ∼ 105, and therefore in eah
tube the number of fermions is about N ∼ 100. The pe-
riodiity of the lattie is d = 532nm, yielding a transverse
sale aρ ≃ 120nm. The axial onnement frequeny ω ∼
2π×400Hz, giving rise to an axial osillator length aho ≃ 2µm.
The 3D sattering length is related to the magneti eld via
a3d = −1405a0[1+300/(B−834)][1+0.0004(B−834)], where
the magneti eld B is measured in Gauss and a0 = 0.0529nm
is the Bohr radius. The dashed line in the gure shows the
Feshbah resonane eld.
Fig. 1 gives the resulting γ0 as a funtion of the mag-
neti eld B. We nd that γ0 ∼ O(1) above the Feshbah
resonane. Throughout this work we shall take a ou-
pling onstant of γ = 1.6. We note that there is already
some indiret evidene for superuidity of a Fermi gas in
a three-dimensional optial lattie [19℄, at the magneti
eld onsidered. On swithing to a two-dimensional opti-
al lattie, the temperature in the experiments may still
be low enough to generate the various one-dimensional
superuid phases at zero temperature.
Throughout the paper we shall mainly study two dif-
ferent ases, either with a xed total number of parti-
les and a xed hemial potential dierene, or with
given numbers of both spin-up and spin-down partiles.
The system with two xed hemial potentials may be
onsidered as well. These three situations require the
use of dierent anonial ensembles in thermodynamis.
In the rst two ases, we minimize the free energies of
the system, Fδµ(T, V, n, δµ) and Fδn(T, V, n, δn), respe-
tively. While in the latter ase, we minimize instead the
thermodynami potential Ω(T, V, µ, δµ).
5III. SINGLE PLANE WAVE APPROXIMATION
IN A HOMOGENEOUS GAS
We rst onsider a mean-eld desription with a single
plane-wave FF type order parameter, to give the simplest
qualitative piture of a homogeneous polarized Fermi gas
[48℄. At this point, we write the Hamiltonian (2.1) in
momentum spae using a Fourier deomposition of the
Fermi eld operators. This results in:
Hhom =
∑
kσ
(ǫk − µσ) c+kσckσ
+g1D
∑
pkk′
c+p/2+k↑c
+
p/2−k↓cp/2−k′↓cp/2+k′↑,(3.1)
where ǫk = ~
2k2/2m is the kineti energy. The single-
plane-wave mean-eld approximation amounts to deou-
pling the interation term using an order parameter
∆ = −g1D
∑
k
〈
cq/2−k↓cq/2+k↑
〉
for the Cooper pairs,
where we assume that the pairing ours between a spin
up atom with a momentum q/2 + k and a spin down
atom with a momentum q/2 − k. As a result, the pairs
possess a spei nonzero enter-of-mass momentum q,
whose value, together with the value of ∆, are to be de-
termined. It is easy to see that after a Fourier trans-
formation, the order parameter in real spae aquires a
single-plane-wave form, i.e., ∆(x) = ∆exp[iqx]. There-
fore, within this approximation, we have a mean-eld
Hamiltonian,
HMFhom = −
∆2
g1D
− g1Dn↑n↓ +
∑
kσ
(ǫk − µ˜σ) c+kσckσ
−∆
∑
k
(
cq/2−k↓cq/2+k↑ + h.c.
)
. (3.2)
Here, as a onsequene of the onstant linear density,
Hartree terms like g1Dn−σc
+
kσckσ merely introdue an
overall shift for the hemial potentials. We indiate this
by introduing the notation µ˜σ = µσ − g1Dn−σ for the
shifted hemial potentials.
To solve the mean-eld Hamiltonian, it is onve-
nient to use a Nambu spinor reation operator ψ+k =
(c+q/2+k↑, cq/2−k↓). The Hamiltonian may then be rewrit-
ten in a ompat bilinear form,
HMFhom =
∑
k
ψ+k
[(
ǫ+k − µ˜
)
σz −∆σx +
(
ǫ−k − δµ˜
)]
ψk
− ∆
2
g1D
− g1Dn↑n↓ +
∑
k
(ǫk − µ˜+ δµ˜) , (3.3)
where ǫ±k = (ǫq/2+k ± ǫq/2−k)/2, and σx and σz are the
Pauli matries. For onveniene, we have dened,
µ˜ = µ− g1Dn
2
, (3.4)
δµ˜ = δµ+
g1Dδn
2
. (3.5)
The bilinear Hamiltonian an be easily diagonalized by
working out the eigenvalues E±k and eigenstates Φ
±
k of
the two by two matrix [(ǫ+k − µ˜)σz − ∆σx + (ǫ−k − δµ˜)].
Expliitly, we nd that
E±k = ǫ
−
k − δµ˜± Ek, (3.6)
and
Φ+k =
(
uk
vk
)
, Φ−k =
( −v∗k
u∗k
)
, (3.7)
where Ek = [(ǫ
+
k − µ˜)2 +∆2]1/2 and
u2k =
1
2
[
1 +
ǫ+k − µ˜
Ek
]
, (3.8)
v2k =
1
2
[
1− ǫ
+
k − µ˜
Ek
]
, (3.9)
ukvk = − ∆
2Ek
. (3.10)
From the eigenstates Φ±k , it is natural to dene Bogoli-
ubov quasipartile operators, whih are given by:(
αk↑
α+−k↓
)
=
(
uk, v
∗
k
−vk, u∗k
)
ψk. (3.11)
The bilinear mean-eld Hamiltonian then beomes
HMFhom = −
∆2
g1D
− g1Dn↑n↓ +
∑
k
(
ǫ+k − µ˜− Ek
)
+
∑
k
[
Ek + ǫ
−
k − δµ˜
]
α+k↑αk↑
+
∑
k
[
Ek − ǫ−k + δµ˜
]
α+k↓αk↓. (3.12)
The thermodynami potential is obtained by replaing
α+kσαkσ by its thermal statistial average values, i.e., the
Fermi distribution funtion f(E±k ) = 1/(exp[βE
±
k ] + 1)
with β = 1/(kBT ) as the inverse temperature. At zero
temperature where β goes to innity, the Fermi distri-
bution funtion f(x) redues to a step funtion Θ(−x),
i.e., Θ(x > 0) = 1 and Θ(x < 0) = 0, so the resulting
thermodynami potential has the form:
Ω = − ∆
2
g1D
− g1Dn↑n↓ +
∑
k
(
ǫ+k − µ˜− Ek
)
+
∑
k
[
Ek + ǫ
−
k − δµ˜
]
Θ
(−E+k )
+
∑
k
[
Ek − ǫ−k + δµ˜
]
Θ
(−E−k ) , (3.13)
The values of the order parameter ∆ and of the pair-
ing momentum q are determined by nding the station-
ary points in the (∆, q) plane of the thermodynami po-
tential, i.e., ∂Ω/∂∆ = 0 and ∂Ω/∂q = 0, with given
hemial potential dierene δµ, or the requirement of
number onservation, δn = −∂Ω/∂δµ. This gives us two
distint proedures for dening the mean-eld solution,
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Figure 2: (Color online) Landsape of the zero-temperature
thermodynami potential of a uniform gas at an interation
strength γ = 1.6. Here, we take a single-plane-wave approx-
imation for the order parameter, and normalize it using the
full gap of an unpolarized Fermi gas, ∆0 = 0.34658ǫF , where
ǫF is the Fermi energy. The hemial potential is xed at
µ˜ = 1.04594ǫF . The ompeting ground states are (i) a nor-
mal Fermi gas with ∆ = 0, (ii) a fully paired BCS superuid
with ∆ = ∆0, q = 0, and δn = 0, (iii) a nite momentum
paired FF superuid with ∆ < ∆0, q 6= 0, and δn 6= 0, (iv)
a breahed pairing or Sarma superuid with ∆ < ∆0, q = 0,
and δn 6= 0, and (v) a saddle point phase intervening between
the loal BCS and FF minima. We note that the last two
phases are unstable with respet to phase separation.
analogous to the grand-anonial (xed hemial poten-
tial dierene) and anonial (xed number dierene)
ensembles in thermodynamis.
One these variational variables are obtained, we al-
ulate straightforwardly the total free energies Fδµ =
Ω+µn = F˜δµ+g1D(n
2+δn2)/4 or Fδn = Ω+µn+δµδn =
F˜δn + g1D(n
2− δn2)/4 of the gas, depending on whether
the hemial potential dierene δµ or the number dier-
ene δn = n↑−n↓ is xed, as indiated by the subsript.
Note that at zero temperature the value of the free energy
Fδn is equal to the total ground state energy E. We have
also dened two free energies F˜δµ and F˜δn in the absene
of the Hartree terms. In the detailed alulations, for
a uniform system we take respetively the Fermi energy
ǫF = ~
2k2F /(2m) and the Fermi wave vetor kF = πn/2
(of a unpolarized ideal gas ) as the units of the energy
and of the momentum, by letting ~ = 1 and 2m = 1.
A. Qualitative phase diagrams
Generally, there are several possible stationary solu-
tions in the landsape of the thermodynami potential.
On the weak oupling side we nd only three stable om-
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Figure 3: (Color online) Comparison of the free energies
of F˜δµ available mean-eld solutions at a oupling onstant
γ = 1.6 and at zero temperature, with the free energy of the
normal gas F˜N being subtrated. With inreasing the hemi-
al potential dierene, the gas turns from a BCS superuid
to a FF superuid at δµ˜ ≃ 0.68∆0, and nally beomes a
normal gas above δµ˜ = 2ǫF .
peting ground states, orresponding to loal minima of
the landsape. As shown in Fig. 2 for a oupling on-
stant γ = 1.6, these are the unpolarized (BCS), par-
tially polarized (FF), and a fully polarized or normal
(N) phases. The other two states, denoted as Sarma
and saddle point phases, are unstable with respet to
phase separation [48℄. Note that in the gure, the order
parameter ∆ and the enter-of-mass momentum q are
measured in units of the full gap of an unpolarized gas,
∆0 ≃ 0.34658ǫF . We have xed the hemial potential
at its unpolarized value, µ˜ ≃ 1.04594ǫF , and have taken
the hemial potential dierene to be δµ˜ = 0.75∆0.
For an interation strength γ = 1.6, the evolution of
the ground states with inreasing hemial potential dif-
ferene is given in Fig. 3. Here we searh for the ground
state by minimizing the free energy Fδµ. As δµ˜ inreases
from zero, the free energy of the BCS state is initially
lowest, but rises very rapidly. It intersets with that of
the FF state at about δµ˜ = 0.68∆0. A rst order quan-
tum phase transition then ours in mean-eld theory,
sine the rst order derivative of free energies at the in-
tersetion point is disontinuous. The apparent hystere-
sis (presene of the FF state before the transition point)
is also the mark of a rst order phase transition. After
that, the free energy inreases slowly towards the nor-
mal state value. Preisely at δµ˜ = 2ǫF , the gas enters
smoothly into a fully polarized normal state, where the
spin polarization p = (n↑−n↓)/(n↑+n↓) is stritly equal
to one. Hene, diering from the 3D situation, a partially
polarized normal phase is exluded in 1D. We present, re-
spetively, the value of the order parameter and the spin
polarization as a funtion of the hemial potential dif-
ferene in Figs. 4a and 4b. The rst order transition
from BCS to FF states beomes muh apparent due to
the jump of the order parameter and of the spin polar-
70 1 2 3 4 5 6
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Figure 4: (Color online) Evolution of the mean-eld (FF)
order parameter and of the spin polarization, with inreasing
hemial potential dierene. The arrows point to the phase
transition positions. The parameters are the same as in Fig.
3.
ization. We will show later, however, that this apparent
rst order transition is simply an artifat of the single-
plane-wave approximation for the order parameter.
By hanging the oupling onstant, we an determine
a phase diagram in the plane of the interation strength
γ and hemial potential dierene δµ˜, as shown in Fig.
5a. The solid and dashed lines separate the FF state
from the normal and BCS phases respetively, and on-
verge to a single urve above γ ≃ 7. Converting the
hemial potential dierene to a number dierene, we
obtain a phase diagram in the γ − p plane in Fig. 5b.
The area under the dashed line has no orrespondene in
Fig. 5a and belongs to the saddle point solution, whih
is unstable towards phase separation. This may be the
preursor of a phase separation phase. Overall, all the
basi features found here are qualitatively similar to that
in 3D [48℄.
B. Analyti results in limiting ases
We disuss some analyti results that an be obtained
in the weakly interating limit of γ → 0. The simplest
one is the unpolarized BCS state, for whih the hemi-
al potential µ˜ is essentially the Fermi energy ǫF . The
stationary ondition ∂Ω/∂∆ = 0 then leads to a gap
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Figure 5: (Color online) (a) Phase diagram in the plane of
the interation strength and the hemial potential dierene.
Within the single-plane-wave assumption for the order param-
eter, the transition from a BCS superuid to a FF state is of
rst order (dashed line), while from a FF state to the normal
state it is ontinuous (solid line). (b) Interation strength vs
polarization phase diagram. The shadow region is unknown,
and presumably is an artifat of the single-plane-wave approx-
imation.
equation,
1
g1D
+
∑
k
1
2
√
(ǫk − ǫF )2 +∆20
= 0. (3.14)
The integration an be worked out analytially for small
∆0. One nds that
∆0 ≃ 8ǫF exp
[
−π
2
2γ
]
, (3.15)
analogous to the standard 3D BCS result ∆3D0 ≃
8ǫF exp[π/(2kFa)− 2]. For the FF state at a large hem-
ial potential dierene, the value of the order parameter
is even smaller. To a good approximation, we nd that
µ˜ ≃ ǫF + (δµ˜)
2
4ǫF
, (3.16)
qkF ≃ δµ˜, (3.17)
and hene:
∆ = 8ǫF
√
(2ǫF − δµ˜) (2ǫF + δµ˜)
δµ˜
exp
[
−π
2
γ
]
. (3.18)
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Figure 6: (Color online) Loal fermioni density of states of
a uniform polarized Fermi gas, with a single-plane-wave form
for the order parameter. Note that there is a prominent two-
energy-gap struture in the FF state.
From the prefator, the order parameter ∆ vanishes ex-
atly at δµ˜ = 2ǫF . At the same time µ˜ = 2ǫF , indiating
that the FF state hanges smoothly into a fully polarized
normal state.
C. Loal fermioni density of states
The Bogoliubov quasipartile amplitudes (uk, vk) and
energy Ek appear in the zero temperature spetrum of
the single fermioni exitations. We haraterize the ex-
itation spetrum using the loal fermioni density of
states, ρσ (ǫ), given by
ρ↑(ǫ) =
∑
k
u2kδ
(
ǫ− E+k
)
+
∑
k
v2kδ
(
ǫ− E−k
)
,(3.19)
ρ↓(ǫ) =
∑
k
v2kδ
(
ǫ+ E+k
)
+
∑
k
u2kδ
(
ǫ+ E−
k
)
.(3.20)
For an ideal gas with equal populations, the density of
states an be alulated analytially,
ρbk↑ (ǫ) = ρ
bk
↓ (ǫ) =
√
2m
2π~
1√
ǫ+ µ˜
. (3.21)
whih we have regarded as a bakground density of states.
It has a band edge (square root) singularity at ǫ = −µ˜.
We plot in Fig. 6 the loal density of states for a
one-dimensional BCS superuid, and the FF phase at
p = 0.12, as well as the bakground density of states. In
an FF state, the spin up and down density of states are
exatly the same, but are shifted downwards or upwards
respetively by an amount δµ˜. For larity, in the gure we
show only one branh, i.e., the spin up density of states
after an upwards shift. Compared to the BCS superuid,
the loal density of states of the FF phase exhibits an
intriguing two-energy-gap struture. The midgap state
around ǫ = 0 is a salient feature of the spatially modu-
lated order parameter [94℄.
IV. SELF-CONSISTENT BDG IN A
HOMOGENEOUS GAS
We now turn to a more realisti mean-eld alula-
tion without resorting any approximation for the form of
the order parameter. We onsider the BdG equations of
the 1D polarized Fermi gas [51, 110℄, starting from the
Heisenberg equation of motion of the Hamiltonian (2.1)
for Ψ↑ (x, t) and Ψ↓ (x, t) (without the trap potential):
i~
∂Ψ↑
∂t
=
[
−~
2∇2
2m
− µ↑
]
Ψ↑ + g1DΨ
+
↓ Ψ↓Ψ↑, (4.1)
i~
∂Ψ↓
∂t
=
[
−~
2∇2
2m
− µ↓
]
Ψ↓ − g1DΨ+↑ Ψ↓Ψ↑. (4.2)
Within the mean-eld approximation, we replae the
terms g1DΨ
+
↓ Ψ↓Ψ↑ and g1DΨ
+
↑ Ψ↓Ψ↑ by their respetive
mean-eld deoupling
g1DΨ↓Ψ↑Ψ
+
↓ = −∆(x)Ψ+↓ + g1Dn↓(x)Ψ↑, (4.3)
and
g1DΨ↓Ψ↑Ψ
+
↑ = −∆(x)Ψ+↑ + g1Dn↑(x)Ψ↓, (4.4)
where we have dened an order parame-
ter ∆(x) = −g1D〈Ψ↓(x)Ψ↑(x)〉 and densities
nσ(x) = 〈Ψ+σ (x)Ψσ(x)〉. The above deoupling
thus yields,
i~
∂Ψ↑
∂t
=
[Hs↑ − µ↑]Ψ↑ −∆(x)Ψ+↓ , (4.5)
i~
∂Ψ↓
∂t
=
[Hs↓ − µ↓]Ψ↓ +∆(x)Ψ+↑ , (4.6)
where Hsσ = −~2∇2/ (2m) + g1Dnσ¯ (x). We solve the
equation of motion by inserting the standard Bogoliubov
transformation:
Ψ↑ =
∑
η
[uη↑ (x) cη↑e
−iEη↑t/~ + v∗η↓ (x) c
+
η↓e
iEη↓t/~],
Ψ+↓ =
∑
η
[u∗η↓ (x) c
+
η↓e
iEη↓t/~ − vη↑ (x) cη↑e−iEη↑t/~].(4.7)
This gives rise to the well-known BdG equations for the
Bogoliubov quasipartile [110℄,
[ Hsσ − µσ −∆(x)
−∆∗(x) −Hsσ¯ + µσ¯
] [
uησ
vησ
]
= Eησ
[
uησ
vησ
]
, (4.8)
where the wave funtions uησ (x) and vησ (x) are normal-
ized by ∫
dx
[
|uησ (x)|2 + |vησ (x)|2
]
= 1, (4.9)
9and Eησ is the orresponding exitation energy.
We note that the unequal hemial potentials of spin
states in the BdG equations break the partile-hole sym-
metry. This leads to dierent quasipartile wave fun-
tions for the two omponents. However, one may easily
identify a one to one orrespondene between the solution
for the spin up and spin down energy levels, i.e.,
Eησ ↔ −Eησ¯, (4.10)
and [
uησ (x)
vησ (x)
]
↔
[ −v∗ησ¯ (x)
+u∗ησ¯ (x)
]
. (4.11)
Beause of this symmetry of the BdG equations, there-
fore, we may onsider the spin up part only. Letting
uη (x) = uη↑ (x) and vη (r) = vη↑ (x), we then remove
the spin index in the equations,
[ Hs↑ − µ↑ −∆(x)
−∆∗(x) −Hs↓ + µ↓
] [
uη (x)
vη (x)
]
= Eη
[
uη (x)
vη (x)
]
,
(4.12)
The order parameter ∆(x) and the linear number den-
sities nσ (x) should be determined self-onsistently, a-
ording to their denitions, respetively,
n↑ (x) =
∑
η
u∗η(x)uη(x)f(Eη), (4.13)
n↓ (x) =
∑
η
v∗η(x)vη(x)f(−Eη), (4.14)
∆(x) = −g1D
∑
η
uη(x)v
∗
η(x)f(Eη). (4.15)
where the summation runs over all the energy levels, in-
luding these with negative energies Eη < 0.
We note also that the single-plane-wave approxima-
tion desribed in the last setion an be reovered by
replaing the level index η with a wave vetor k, and
approximating,
uη(x) = u¯k exp
[
+i
(q
2
+ k
)
x
]
, (4.16)
vη(x) = v¯k exp
[
−i
(q
2
− k
)
x
]
, (4.17)
Eη = E¯k, (4.18)
so that the order parameter redues to
∆(x) = −g1D
∑
k
u¯kv¯kf(E˜k) exp[iqx] = ∆exp[iqx],
(4.19)
and the BdG equations beome,[
ǫq/2+k − µ˜↑ −∆
−∆ −ǫq/2−k + µ˜↓
] [
u¯k
v¯k
]
= E¯k
[
u¯k
v¯k
]
,
(4.20)
where as before, we have used the notations µ˜↑ =
µ↑ − g1Dn↓ and µ˜↓ = µ↓ − g1Dn↑. Apparently, there
are two branh solutions for the quasipartile energy
E+k = (ǫq/2+k− ǫq/2−k)/2− δµ˜+Ek and E−k = (ǫq/2+k−
ǫq/2−k)/2−δµ˜−Ek, with the orresponding quasipartile
wave funtions,(
u¯k
v¯k
)
E¯k=E
+
k
=
(
uk
vk
)
= Φ+k , (4.21)
and (
u¯k
v¯k
)
E¯k=E
−
k
=
( −v∗k
u∗k
)
= Φ−k , (4.22)
respetively, exatly the same as in Eqs. (3.6) and (3.7).
Aordingly, the linear densities take the form,
n↑ (x) =
∑
k
u2kf
(
E+k
)
+
∑
k
v2kf
(
E−k
)
, (4.23)
n↓ (x) =
∑
k
v2kf
(−E+k )+∑
k
u2kf
(−E−k ) ,(4.24)
whih turn out to be position independent due to the
plane-wave form of the wave funtions.
A. Hybrid BdG strategy
We apply the above BdG formalism to a uniform Fermi
gas with nite atoms. To this end, we onsider a gas of
N fermions in a box of length L using periodi boundary
onditions, i.e., the underlying wavefuntion ϕ (x) satis-
es ϕ (x = +L/2) = ϕ (x = −L/2). The small boundary
eet due to the nite size of L ould be weakened or
removed by enlarging the value of L.
In any pratial alulation, beause of the omputa-
tional limitations, the summation over the quasipartile
energy levels in Eqs. (4.13), (4.14) and (4.15) must be
trunated. We therefore following the idea of Reidl et
al. [111℄ develop a hybrid approah with the introdu-
tion of a high-energy ut-o Ec, below whih we solve
the disrete BdG equations. Above the ut-o, we use a
semilassial plane-wave approximation for the wavefun-
tions, whih should work well for suiently high-lying
states.
The rst step toward solving the disrete BdG equa-
tions is to assume a real order parameter ∆(x) and then
expand the quasipartile wavefuntions u (x) and v (x)
using a omplete basis of single partile wavefuntions in
the box ϕn(x) with energy levels ǫn (n = 0, 1, 2, ...), i.e.,
u (x) =
∑
n
Anϕn(x), (4.25)
v (x) =
∑
n
Bnϕn(x). (4.26)
For the ase of periodi boundary ondition, we take
ϕn(x) =
{ √
2/L cos [nπx/L] , if n is even;√
2/L sin [(n+ 1)πx/L] , if n is odd;
,
(4.27)
10
and
ǫn =
{
~
2π2n2/
(
2mL2
)
, if n is even;
~
2π2 (n+ 1)2 /
(
2mL2
)
, if n is odd;
. (4.28)
The solution of the BdG equations then beomes a matrix
diagonalization problem,[ H0↑nn′ +M↑nn′ −∆nn′
−∆nn′ −H0↓nn′ −M↓nn′
] [
An′
Bn′
]
= E
[
An
Bn
]
,
(4.29)
where the matrix elements,
H0σnn′ = (ǫn − µσ) δnn′ , (4.30)
Mσnn′ = g1D
+L/2∫
−L/2
dxϕn(x)nσ¯ (x)ϕn′(x), (4.31)
∆nn′ =
+L/2∫
−L/2
dxϕn(x)∆ (x)ϕn′(x). (4.32)
The oeients of the eigenstate has to satisfy the
ondition
∑
n
(
A2n +B
2
n
)
= 1 due to the nor-
malization of the quasipartile wavefuntions, i.e.,∫ +L/2
−L/2 dx
[
u2(x) + v2(x)
]
= 1.
These disrete spetra (labeled by an index η) on-
tribute to the linear densities and the order parameter as
follows,
n↑d (x) =
∑
|Eη|<Ec
u∗η(x)uη(x)f(Eη), (4.33)
n↓d (x) =
∑
|Eη|<Ec
v∗η(x)vη(x)f(−Eη), (4.34)
∆d (x) = −g1D
∑
|Eη|<Ec
uη(x)v
∗
η(x)f(Eη), (4.35)
where the subsript d refers to the disrete levels.
On the other hand, for the high-lying states we take
the semilassial approximation [111℄,
uη(x) → u(k, x) exp [ikx] , (4.36)
vη(x) → v(k, x) exp [ikx] , (4.37)
Eη → E(k), (4.38)
where we have regarded the wavefuntions loally at po-
sition x as plane waves, whose amplitudes u(k, x) and
v(k, x) are normalized aording to u2(k, x) + v2(k, x) =
1. Keeping the most important pair orrelation terms
only, it is straightforward to show that at low tempera-
tures,
n↑c (x) =
∑
k
[
1
2
− ǫk − µ
2Ek(x)
]
Θ [Ek(x) + δµ− Ec] ,(4.39)
n↓c (x) =
∑
k
[
1
2
− ǫk − µ
2Ek(x)
]
Θ [Ek(x)− δµ− Ec] ,(4.40)
∆c (x) = −g1D
∑
k
∆(x)
2Ek(x)
Θ [Ek(x) + δµ− Ec] ,(4.41)
where Ek(x) =
√
(ǫk − µ)2 +∆2 (x) and the subsript
c means the ontinuous ontribution from high-energy
levels.
The disrete and ontinuous parts of the order param-
eter may be ombined together to give,
∆(x) = −geff1D (x)
∑
|Eη |<Ec
uη(x)v
∗
η(x)f(Eη), (4.42)
where we have dened a position dependent eetive 1D
oupling onstant geff1D (x), whih satises,
1
geff1D (x)
=
1
g1D
+ g(x), (4.43)
where
g (x) =
∑
k
1
2Ek(x)
Θ [Ek(x) + δµ− Ec] . (4.44)
The summation over the momentum k may be onverted
into a ontinuous integral of the energy. As a result, we
obtain,
n↑c (x) =
(2m)1/2
4π~
∞∫
Ec
dǫ

 ǫ− δµ√
(ǫ− δµ)2 −∆2 (x)
− 1


× 1[
µ+
√
(ǫ− δµ)2 −∆2 (x)
]1/2 , (4.45)
n↓c (x) =
(2m)1/2
4π~
∞∫
Ec
dǫ

 ǫ+ δµ√
(ǫ+ δµ)2 −∆2 (x)
− 1


× 1[
µ+
√
(ǫ+ δµ)2 −∆2 (x)
]1/2 , (4.46)
and
g(x) =
(2m)
1/2
4π~
∞∫
Ec
dǫ
1√
(ǫ− δµ)2 −∆2 (x)
× 1[
µ+
√
(ǫ− δµ)2 −∆2 (x)
]1/2 . (4.47)
We an now summarize the entire proedure used to
obtain the BdG solutions. The key step is to solve the
eigenvalue problem (4.29). As the alulation of matrix
elements involves the order parameter and linear densi-
ties that are yet to be determined, a self-onsistent itera-
tive proedure is required. For a given number of atoms
(N = N↑ + N↓ and δN = N↑ − N↓), temperature and
interation oupling g1D, we:
(a) start with an initial guess or a previously determined
better estimate for ∆(x),
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(b) solve Eqs. (4.43) and (4.47) for the eetive oupling
onstant,
() then solve Eq. (4.29) for all the quasipartile wave-
funtions up to the hosen energy ut-o to nd
uη (x) and vη (x), and nally determine an im-
proved value for the order parameter from Eq.
(4.42).
During the iteration, the density proles n↑(x) =
n↑d(x)+n↑c(x) and n↓(x) = n↓d(x)+n↓c(x) are updated.
The hemial potentials µ and δµ are also adjusted
slightly in eah iterative step to enfore the number-
onservation ondition that
∫ +L/2
−L/2 dx[n↑(x) + n↓(x)]=N
and
∫ +L/2
−L/2
dx[n↑ (x) − n↓ (x)]=δN , until nal onver-
gene is reahed.
B. The struture of FFLO states
Using the self-onsistent BdG formalism we an work
out the detailed struture of mean-eld or FFLO states.
To make the equations dimensionless, as before we take
the Fermi wave vetor kF = πn/2 = πN/(2L) and the
Fermi energy ǫF = ~
2k2F /(2m) as the units of the mo-
mentum and energy, respetively, i.e., by setting ~ = 1
and 2m = 1, and kF = 1. Therefore, the size of the
box L = πN/2 an be enlarged by inreasing the number
of total atoms N . In the following alulations, we use
N = 200, whih in most ases we nd is large enough
to eetively minimize the boundary eets. Further, we
take a ut-o energy Ec = 16ǫF . This ut-o energy is
already suient large beause of the high eieny of
our hybrid strategy. Aordingly, we setup a set of single-
partile-state basis ϕn(x), with the highest energy level
larger than the ut-o energy.
The initial guess for the order parameter ∆(x) ould
be arbitrary. However, we nd that in general there
are many loally metastable solutions after the iteration,
whih an be lassied uniquely by their periodiity. This
is due to the existene of the periodi boundary ondition
that requires that the order parameter should be a peri-
odi funtion of length L/n, where n is an integer. We
therefore ompare the energy (or free energy) of the so-
lutions with dierent periodiity, and selet the one with
the lowest energy as the ground state.
We present in Fig. 7 the spatial distribution of the
order parameter ∆(x) and the loal spin polarization
p (x) =
n↑ (x)− n↓ (x)
n↑ (x) + n↓ (x)
(4.48)
for a uniform Fermi gas with total polarization p = 0.03
(a) and p = 0.16 (b) at a typial oupling onstant
γ = 1.6. The most notable feature of the gure is that
at a small total polarization (Fig. 7a), the order pa-
rameter swithes between two values: +∆0 and −∆0,
where ∆0 is the full gap of an unpolarized gas at the
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Figure 7: (Color online) Spatial strutures of the inhomoge-
neous FFLO states at an interation strength γ = 1.6 and
at two spin polarizations as indiated. The alulations have
been done for a uniform gas onned in a box, using the self-
onsistent BdG equations. The solid line and the dashed line
refer to the order parameter and the loal spin polarization,
respetively.
same oupling. Many instantons and anti-instantons (or
kinks and anti-kinks) then appear and arry the exess
spin up (majority) atoms sine the loal polarization p(x)
shows pronouned peaks right at the position where the
order parameter vanishes. These features are not unlike
a phase separation, exept that a regular, periodi do-
main struture is obtained. Thus, in the limit of small
polarization, the order parameter may be viewed as an
instanton gas, with the number of instantons roughly pro-
portional to the spin polarization. Within this piture,
we antiipate that an FFLO state emerges as soon as the
polarization beomes nonzero. In ontrast, for a large
total polarization (Fig. 7b), the order parameter is well
approximated by a osine funtion, as expeted earlier
by Larkin and Ovhinnikov. It is a superposition of two
single-plane-waves going in opposite diretions, with a
muh redued amplitude ompared to ∆0.
We note that in the weak oupling limit, a snoidal
solution of the order parameter for the BdG equations
was found analytially if one linearizes the single parti-
le spetrum at the Fermi surfae [94, 95℄, whih gives
qualitatively the same behavior as shown in Fig. 7.
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Figure 8: (Color online) Spin polarization versus the hemial
potential dierene at an interation strength γ = 1.6, ob-
tained from the single-plane-wave approximation (solid line)
and the self-onsistent BdG alulations (open irles). While
the spin polarization in the FF state shows a jump as a fun-
tion of the hemial potential dierene, the more aurate
self-onsistent BdG predition suggests that the spin polar-
ization emerges from zero ontinuously with inreasing the
hemial potential dierene. The dashed line is a power-law
t to the self-onsistent BdG results.
C. Phase diagram from BdG solutions
We examine the phase diagram obtained by the single-
plane-wave approximation (Fig. 5). For this purpose, we
ompare the results of the spin polarization versus the
hemial potential dierene, as predited respetively by
the self-onsistent BdG formalism and the single-plane-
wave approximation or the FF solution. As shown in Fig.
8, the self-onsistent predition agrees very well with that
of the FF solution at a large hemial potential dier-
ene. However, approahing to the BCS-FFLO transi-
tion point, they dier largely. The quik fall of the spin
polarization in the self-onsistent BdG indiates strongly
the existene of a FFLO state with an arbitrary small
spin polarization. As the spin polarization is a rst or-
der derivative of the energy, this is a solid evidene for
the smooth transition from the BCS state to the FFLO
state. We therefore onlude that although the single-
plane-wave approximation gives a reasonable desription
at the large hemial potential dierene, it does not pre-
dit the orret phase transition between BCS and FFLO
states.
We may extrat the ritial behavior at the transition
point by numerially analyzing the self-onsistent data.
Assuming a pow-law dependene of the spin polarization
on the hemial potential dierene, p ∝ (δµ − δµc)α,
we nd that α ≃ 0.4, in good agreement with a non-
perturbative bosonization predition [93℄, α = 0.5. The
small disrepany may be aused by the use of a nite
length L, whih beomes inreasingly in-eient due to
the divergent orrelation length towards the transition
point.
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Figure 9: (Color online) Loal fermioni density of states of
a uniform polarized Fermi gas at an interation strength γ =
1.6, alulated using the self-onsistent BdG equations.
D. Loal fermioni density of states
We nally alulate the loal density of states in the
self-onsistent BdG solutions, whih is given by,
ρ↑ (x, ǫ) =
∑
η
u2η (x) δ (ǫ− Eη) , (4.49)
ρ↓ (x, ǫ) =
∑
η
v2η (x) δ (ǫ + Eη) . (4.50)
In Fig. 9, we show how the loal density of states at origin
evolves with inreasing the spin polarization p from zero
to 0.12. Here a small spetral broadening of about 0.02ǫF
has been used to regularize the delta funtion. We nd
again a nonzero density of states at the Fermi surfae for
a polarized Fermi gas, ontributed by the mid-gap states.
As a result, the original BCS gap of a width 2∆0 is split
into two sub-gaps with a muh smaller width.
V. EXACT BETHE ANSATZ SOLUTION IN A
HOMOGENEOUS GAS
The validity of mean-eld results in 1D is not immedi-
ately lear, as pair utuations beome inreasingly im-
portant in lower dimensions. Fortunately, without the
trap the Hamiltonian (2.1) of a free polarized Fermi gas is
exatly soluble, using the Bethe ansatz tehnique [86, 87℄.
We therefore an use the exat solution as a benhmark
to test the validity of various mean-eld approahes.
In the thermodynami limit, the ground state of a ho-
mogeneous gas with xed linear densities n↑ and n↓ may
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be obtained from a set of Gaudin integral equations [87℄,
πρ (k) =
1
2
−
B∫
−B
c′σ(Λ)dΛ
c′2+(k−Λ)2
, (5.1)
πσ (Λ) = 1−
Q∫
−Q
c′ρ(k)dk
c′2+(Λ−k)2
−
B∫
−B
cσ(Λ′)dΛ′
c2+(Λ−Λ′)2
, (5.2)
and
ǫgs =
~
2
2m
[
Q∫
−Q
k2ρ (k) +
B∫
−B
2Λ2σ (Λ)− n↓c22
]
,
n↑ − n↓ =
∫ Q
−Q
ρ(k)dk, (5.3)
n↓ =
∫ B
−B
σ(Λ)dΛ, (5.4)
where ǫgs is the ground state energy density, the ou-
plings c = nγ and c′ = c/2. The funtions ρ(k) and σ(Λ)
are, respetively, the quasi-momentum distributions with
the ut-o rapidities Q and B to be determined by the
normalization ondition for δn = n↑ − n↓ and n↓. The
last term in ǫgs is simply the ontribution from n↓ paired
two-fermion bound states with binding energy
ǫb =
~
2c2
4m
=
~
2
ma21D
. (5.5)
The hemial potential and the hemial potential dier-
ene an be obtained by µ = ∂ǫgs/∂n and δµ = ∂ǫgs/∂δn,
respetively.
A. Gaudin solutions
The Gaudin integral equations have to be solved nu-
merially for a general spin polarization p = δn/n. To
do so, we introdue two new variables x = k/Q and
y = Λ/B, and rewrite the quasi-momentum distribution
funtions,
gc (x) = ρ (Qx) = ρ (k) , (5.6)
gs (y) = σ (By) = σ (Λ) . (5.7)
Further, the two ut-o rapidities may be represented
by, respetively, Q = nγ/λc and B = nγ/λs. In suh a
way, the Gaudin integral equations an be rewritten in a
dimensionless form,
gc (x) =
1
2π
−
+1∫
−1
gs(y)/[2piλs]
1
4
+( xλc−
y
λs
)2
dy, (5.8)
gs (x) =
1
π
−
+1∫
−1
gc(y)/[2piλc]
1
4
+( xλs−
y
λc
)
2 dy −
+1∫
−1
gs(y)/[piλs]
1+(x−yλs )
2 dy,(5.9)
together with the normalization onditions,
λc =
γ
p
+1∫
−1
gc (x) dx, (5.10)
λs =
2γ
1− p
+1∫
−1
gs (x) dx. (5.11)
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Figure 10: (Color online) Gaudin solution for the dimen-
sionless quasi-momentum distributions at a spin polarization
p = 0.5 and at several interation ouplings as indiated.
Numerially, the dimensionless integral equations have
been solved by deomposing the integrals on a grid with
N points {xi;xi ∈ [−1,+1]}. In detail, we start from
a set of trial distributions g
(0)
c (xi) and g
(0)
s (xi), and the
orresponding parameters of λ
(0)
c and λ
(0)
s . Following the
standard method for the integrals [107℄, we obtain gc(xi)
and gs(xi). Let g
(1)
c (xi) = αg
(0)
c (xi) + (1 − α)gc(xi) and
g
(1)
s (xi) = αg
(0)
s (xi) + (1 − α)gs(xi) (where α is a posi-
tive real number between 0 and 1, depending the value
of the spin polarization) be the new trial distributions,
and update λ
(1)
c and λ
(1)
s aordingly. Repeat the above
proedure until gc(xi) and gs(xi) agree with their trial
distributions within a ertain range. Then, the energy
density
ǫgs =
~
2n3
2m
e (γ, p)− n↓ǫb (5.12)
is alulated by:
e (γ, p) =
γ3
λ3c
+1∫
−1
x2gc (x) dx+
γ3
λ3s
+1∫
−1
2x2gs (x) dx. (5.13)
We nd that this iterative method for solving the Gaudin
integral equations is very stable. The hemial potential
and hemial potential dierene an also be alulated
aurately by a numerial derivative.
For an illustrative purpose, we plot in Fig. 10 the
quasi-momentum distribution funtions gs(x) (Fig. 10a)
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Figure 11: (Color online) Gaudin solution for the dimension-
less parameters λc and λs, as a funtion of the spin polariza-
tion at an interation strength γ = 1.6.
and gc(x) (Fig. 10b) at a spin polarization p = 0.5 for
three interation strengths as indiated. As gs(x) and
gc(x) are both even funtions, we show only the part with
a positive x. For a large interation strength, they ap-
proah 1/π and 1/(2π) respetively. On the other hand,
for a weak interation, gs(x) redues to 1/(2π) and gc(x)
jumps from zero to 1/(2π) at a ertain value of x.
At γ = 1.6 the dimensionless parameters λc and λs as
a funtion of the spin polarization are shown in Fig. 11.
They diverge respetively as 1/p and 1/(1− p) when the
spin polarization goes to 0 or 1.
B. Analyti results in limiting ases
The asymptoti behavior of the Gaudin solution may
be obtained in the strongly and weakly interating limits.
For a strongly interating gas, for whih the dimension-
less oupling onstant γ ≫ 1, the parameters λc and λs
are suient large. Therefore, the integrals in the Gaudin
equations beomes extremely small. Hene, the quasi-
momentum distributions gc(x) and gs(x) are essentially
onstant. Expanding to the order 1/γ3, we nd that,
gc(x) =
1
2π
− 1− p
πγ
+ o
(
1
γ3
)
, (5.14)
gs(x) =
1
π
− 1 + 3p
2πγ
+ o
(
1
γ3
)
. (5.15)
It is then straightforward to show that to leading order
in 1/γ,
e (γ, p) ≃ π
2 (1− p)3
48
+
π2p3
3
, (5.16)
µ ≃ − ǫb
2
+
~
2n2
2m
π2 (1− p)2
16
, (5.17)
δµ ≃ ǫb
2
− ~
2n2
2m
π2 (1− p)2
16
+
~
2n2
2m
π2p2.(5.18)
Realling that n↓ = n(1 − p)/2, the hemial potential,
as well as the rst two terms on the right-hand side of
the hemial potential dierene, oinide in magnitude
with the hemial potential of a Tonks-Girardeau bosoni
gas of paired n↓ dimers [107℄, whih is fermionized due
to strong attrations. The third term in the hemial
potential dierene, on the other hand, is equal to the
hemial potential of residual unpaired n↑−n↓ fermions.
Therefore, in the strong oupling regime the polarized
gas behaves like an inoherent mixture of a moleular
Bose gas and a fully polarized single-speies Fermi gas.
The analyti derivation in the weak oupling limit
γ ≪ 1 is muh more subtle sine the quasi-momentum
distribution gc(x) ontains a sharp jump whose width
(∼ γ) is extremely small, as shown in Fig. 10b for
γ = 0.016. However, as a leading approximation, we
may take gc(x) as a step funtion. It is then easy to
show that (γ ≪ max{p, 1− p}),
gc(x) =
{
0, |x| < (1− p) / (1 + p)
1/ (2π) , |x| > (1− p) / (1 + p) ,(5.19)
gs(x) = 1/ (2π) . (5.20)
As a result, the ground state energy density and the
hemial potentials are given by
e (γ, p) ≃ π
2
12
(
1 + 3p2
)− γ
2
(
1− p2) , (5.21)
µ ≃ ~
2n2
2m
π2
4
(
1 + p2
)
+
~
2n2
2m
γ, (5.22)
δµ ≃ ~
2n2
2m
π2
2
p+
~
2n2
2m
γp, (5.23)
where the rst term on the right-hand side orresponds
to an ideal polarized gas, while the seond term arises
from the mean-eld Hartree-Fok interations. We note
that a non-perturbative term of order γ2 ln γ will our if
one improves the quasi-momentum distribution funtions
by expliitly taking into aount the width of the jump
in gc(x).
C. Mean-eld approahes versus exat solutions
We are now ready to verify the auray of the mean-
eld approahes. In Figs. 12 and 13, we ompare the
energy and hemial potentials of the exat Gaudin so-
lutions with that from mean-eld alulations, with ei-
ther a single-plane-wave like (labeled as FF) or a self-
onsistently determined (denoted by SC -BdG) order
parameter. For omparison, the energy of an ideal po-
larization gas is also shown. For a moderate interation
oupling γ = 1.6, we nd a reasonable agreement. The
residual disrepany ould be asribed to pair utua-
tions, whih are small but not negligible. We have also
heked that the agreement beomes inreasingly bet-
ter (as expeted), with dereasing interation strength.
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Figure 12: (Color online) Comparison of the mean-eld en-
ergy to the exat results obtained from the Bethe ansatz so-
lution at an interation strength γ = 1.6. For a referene, we
plot also the energy of an ideal polarized gas. Presumably, the
small disrepany between the mean-eld and exat results is
due to the pair utuation eets.
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Figure 13: (Color online) Comparison of the mean-eld hem-
ial potentials to the exat results obtained from the Bethe
ansatz solution at an interation strength γ = 1.6. The arrows
point to two ritial hemial potential dierenes, between
whih a polarized superuid exists.
With these observations, we therefore onrm the valid-
ity of the mean-eld theories for the weakly and moder-
ately interating regimes.
On the other hand, the good agreement between the
Gaudin solutions and the mean-eld results suggests
strongly that the partially polarized solution found in
the exat Bethe ansatz method is of FFLO harater.
We note that a alulation of the nonloal pair orrela-
tion funtions in the exat solution would be very useful
to unambiguously determine its struture. However, this
is extremely diult due to the ompliated ground state
wavefuntions from the Bethe ansatz.
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Figure 14: (Color online) Phase diagram of a one-dimensional
homogeneous spin-polarized Fermi gas. The dot-dashed line
refers to the asymptoti expression of the ritial hemi-
al potential dierene in the weak oupling limit, i.e., Eq.
(5.27), while the two dashed lines are respetively, the strong-
oupling expansion of the ritial hemial potential dier-
ene, as desribed in Eqs. (5.24) and (5.25).
D. Quantitative phase diagram of a homogeneous
polarized Fermi gas
Gathering all the information from the Gaudin integral
solutions and the two mean-eld results, we arrive at a
quantitative phase diagram for a homogeneous polarized
Fermi gas [85, 92℄. For a given interation strength the
hemial potential dierene takes values between two
thresholds, δµc,p=0 and δµc,p=1, as indiated by arrows
in Fig. 13 for γ = 1.6. Below the rst threshold δµc,p=0,
the gas persists in the BCS-like superuid state with zero
polarization (SF), while above the seond ritial value
δµc,p=1, a fully polarized normal state appears (N). In be-
tween, a superuid state with nite polarization (SFP )
is favored. As stated earlier, the SFP has a FFLO stru-
ture in harater. Physially δµc,p=0 is the energy ost
required to break spin-singlet pairs in unpolarized super-
uid, i.e., the spin gap, while δµc,p=1 is also assoiated
with the pair-breaking (for the last pair), but is enhaned
due to the Pauli repulsion from existing fermions. The
dependene of δµc,p=0 and δµc,p=1 on the parameter γ is
reported in Fig. 14, onstituting a homogeneous phase
diagram.
The behavior of the ritial hemial potential dif-
ferene in the weak and strong oupling limits may be
worked out analytially. In the strongly interating
regime of γ → ∞, from its asymptoti expression (5.18)
we nd that,
δµc,p=0 ≃ ǫb
2
− ~
2n2
2m
π2
16
, (5.24)
δµc,p=1 ≃ ǫb
2
+
~
2n2
2m
π2. (5.25)
While in the weakly interating limit of γ → 0, only
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Figure 15: (Color online) Same phase diagram as in Fig. 12,
but plotted here in the plane of the hemial potential and
the hemial potential dierene. Note that the hemial po-
tential dierene is in units of the binding energy, so that
the diagram is partiularly useful for the ase with a xed
interation strength, but varying densities.
δµc,p=1 an be determined from the weak oupling ex-
pression (5.23),
δµc,p=1 ≃ ~
2n2
2m
(
π2
2
+ γ
)
, (5.26)
as the validity of the equation is restrited to γ ≪
max{p, 1 − p}. The determination of δµc,p=0 as γ → 0
turns out to be very diult. Fortunately, it has been
studied by Krivnov and Ovhinnikov [88℄, and Fuhs, Re-
ati, and Zwerger [106℄ in detail. Here we only quote their
result,
δµc,p=0 ≃ ~
2n2
2m
2
√
πγ exp
[
−π
2
2γ
]
. (5.27)
This predits the same exponent −π2/(2γ) as the BCS
mean-eld theory. However, there is a dierent power-
law dependene of the prefator on the dimensionless ou-
pling onstant. i.e., it has an extra
√
γ fator. In Fig.
14, we plot these analyti preditions using dashed and
dot-dashed lines. They are in exellent agreement with
the exat numerial results in the regions where they are
valid.
For a later referene, in Fig. 15 we reonstrut the
phase diagram in the plane of the hemial potential and
the hemial potential dierene. Both of them are mea-
sured in units of the binding energy. It is lear that in the
strong oupling limit, the two ritial hemial potential
dierenes onverge to the half of the binding energy, and
the phase spae for the FFLO states therefore beomes
muh narrower.
VI. SELF-CONSISTENT BDG APPROACH IN A
HARMONIC TRAP
To make a quantitative ontat with the on-going ex-
periments, it is ruial to take into aount the trapping
potential that is neessary to prevent the atoms from es-
aping. In this setion we turn to desribe a 1D polarized
gas in harmoni traps, using the mean-eld BdG equa-
tions.
With the trap Vtrap (x) = mω
2x2/2, the BdG for-
malism is essentially the same as that under a peri-
odi boundary ondition, exept a few modiations: (1)
First, one has to replae everywhere the hemial poten-
tial µ by a loal potential µ− Vtrap(x). (2) Aordingly,
to solve the BdG equation, it is onvenient to use the
eigenfuntions of the harmoni trap,
ϕn (x) = AnHn
(
x
aho
)
exp
(
− x
2
2a2ho
)
, (6.1)
as the set of the expanding basis. Here Hn (x) is the
Hermite polynomial with an order n, aho = [~/ (mω)]
1/2
the harateristi harmoni osillator length, and An =√
1/(π1/22nn!) the normalization fator for single parti-
le eigenfuntions. (3) Thirdly, for the onveniene of the
numerial alulations, it is better to take the trap units,
i.e., m = ~ = ω = 1, so that the length and energy will
be measured in units of the harateristi harmoni osil-
lator length aho and ~ω, respetively. (4) Finally, in the
presene of the trap, there is no restrition for the initial
guess of the order parameter. We may then initialize the
order parameter by hoosing some random values.
We have performed a alulation for a gas with N =
128 fermions in traps at zero temperature. The Fermi en-
ergy under the unpolarized ondition is EF = (N/2)~ω =
64~ω. We therefore take a ut-o energy Ec = 6EF =
384~ω and keep up to 6N = 768 single partile eigen-
funtions. These parameters are already very large to
ensure the auray of the alulations. As mentioned
earlier, we use the dimensionless oupling parameter at
the trap enter, γ0 = πaho/(N
1/2a1D), to haraterize
the interation. In Fig. 16, we present the BdG results
for the density proles (solid lines) and the order parame-
ter (dot-dashed lines) at a moderate interation strength
γ0 = 1.6 for three total spin polarizations as indiated.
For a pure BCS superuid with zero polarization (Fig.
16a), the spin up and down density proles oinide, and
derease monotonially as expeted. However, the order
parameter is non-monotoni: it inreases slowly up to
the boundary of the trap, and then drops to zero very
rapidly. A maximum at the trap edge then arises in the
order parameter, in marked ontrast to the 3D ases,
where the order parameter dereases monotonially. This
maximum is due to the low dimensionality of the gas.
Reall that the BCS predition of the gap for a uniform
gas ∆BCS ≃ 8ǫF exp[−π2/(2γ)]. At the loal position
x, ǫF ∝ n2 (x), while γ = 2/ [a1Dn(x)]. As a result, the
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Figure 16: (Color online) Density proles (solid lines) and
order parameters (dot-dashed lines) of a trapped Fermi gas
at several total spin polarizations as indiated. The dimen-
sionless oupling onstant at the trap enter γ0 is 1.6. With
inreasing the total spin polarization, the FFLO enters grad-
ually at enter, leading to two phase separation phases.
position dependent order parameter is given by,
∆BCS (x) ∝ n2 (x) exp
[
−π
2
4
a1Dn (x)
]
, (6.2)
whih is a produt of n2 (x) and of an exponent. These
two parts derease and inrease respetively towards the
trap edge. Partiularly, the inrease of the exponent is
due to the inrease of the eetive interations, whih
beomes muh larger with dereasing density. Therefore
their interplay should result in a maximum. In general,
the exponent is dominant, thereby the sharp derease or
the maximum of ∆BCS (x) ours at the trap edge for a
moderate loal density.
With inreasing total spin polarization, the order pa-
rameter starts to osillate at the trap enter, suggesting
the entry of FFLO-type states at enter. Correspond-
ingly, the spin up and down density proles are no longer
the same. For a small total spin polarization (Fig. 16b),
the osillation of the order parameter is restrited at the
trap enter, and the ordinary BCS order parameter still
persists at the edge. As a onsequene, we nd a phase
separation phase onsisting of a FFLO state at the trap
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Figure 17: (Color online) Loal fermioni density of states
of a trapped polarized Fermi gas at an interation strength
γ0 = 1.6. The remarkable two-energy-gap struture is robust
in the trap environment.
enter and a standard BCS state outside. There is also
a very small region with a weak osillation of the order
parameter, ourring exatly at the trap boundary. Pre-
sumably, it is a nite size eet. As we shall see later,
the resulting normal loud at the boundary is an artifat
of the mean-eld theory, whih turns to break down at
suient small densities or large interations.
Inreasing further the spin polarizations (Fig. 16), the
osillations of the order parameter penetrate the whole
loud. We nd then another phase separation phase, with
an interior ore of a FFLO superuid phase and an outer
shell of the normal omponent. Therefore, there should
be a ritial total spin polarization, Pc, that separates
the two phase separation phases. The periodiity of the
osillations in the FFLO phase an be estimated, and we
nd a reasonable agreement with the single-plane-wave
estimation for q if we treat the gas as loally homogeneous
at the trap enter.
The validity of the mean-eld BdG alulations in the
trap environment will be ommented later on, by om-
paring the mean-eld density proles with that obtained
from the exat Gaudin solution and the loal density ap-
proximation. The physial reason for the two phase sep-
aration phases and the value of Pc, as well as the small
osillations in the density proles, will also be addressed.
Finally, we study the loal fermioni density of the
state in the trap. In Fig. 17, we report the density of
states at the trap enter for a BCS superuid (a) and a
FFLO superuid (b). In the presene of the trap, we nd
that the essential feature of a two-energy-gap struture
in the FFLO state is still apparent. This may provide us
a useful experimental signature to detet indiretly the
FFLO states.
18
VII. ASYMPTOTICALLY EXACT GAUDIN
SOLUTIONS IN A HARMONIC TRAP
For a large number of fermions, a useful method to
aount for an external trapping potential traps is to
use the loal density approximation [85, 92℄. Together
with the Gaudin solution for the homogeneous equation
of states of a polarized Fermi gas, this gives an asymp-
totially exat result as long as N ≫ 1. This ondition
is readily satised in the on-going 1D experiment, where
the typial number of atoms N ∼ 100.
The main idea of the loal density approximation is
that the system an be treated loally as innite matter
with a loal hemial potential. We then partition the
loud into many ells in whih the number of fermions is
muh greater than unity. Provided that the variation of
the trap potential aross the ell is small ompared with
the loal Fermi energy, the interfae eets are negligible
[75, 80℄. Qualitatively, the interfae energy should sale
like N−1/d ompared to the total energy, where d is the
dimensionality.
In detail, the loal density approximation amounts to
determining the hemial potential µg = (µ↑g + µ↓g)/2
and the hemial potential dierene δµg = (µ↑g−µ↓g)/2
of the inhomogeneous gas from the loal equilibrium on-
ditions,
µ↑ [n(x), p(x)] +
1
2
mω2x2 = µ↑g, (7.1)
µ↓ [n(x), p(x)] +
1
2
mω2x2 = µ↓g, (7.2)
and the normalization onditions,
N =
∫ +∞
−∞
n(x)dx, (7.3)
NP =
∫ +∞
−∞
n(x)p(x)dx, (7.4)
where n(x) and p(x) are respetively the total linear den-
sity and the loal spin polarization, and P the total spin
polarization. We have used a subsript g to denote the
global hemial potentials.
To solve these equations, we rewrite the hemial po-
tentials in the form,
µ↑ [n(x), p(x)] =
~
2
2m
n2(x)µ¯↑ [γ(x), p(x)] , (7.5)
µ↓ [n(x), p(x)] =
~
2
2m
n2(x)µ¯↓ [γ(x), p(x)] , (7.6)
where µ¯σ are the redued hemial potentials, depending
on the dimensionless oupling onstant and loal spin
polarization only. Further, it is onvenient to resale the
hemial potentials, oordinate and total linear density
into a dimensionless form, i.e.,
µ¯σg =
µσg
ǫb
, (7.7)
x¯ =
a1Dx
a2ho
, (7.8)
n¯ = na1D. (7.9)
Then the loal equilibrium equations and the normaliza-
tion equations an be rewritten as,
n¯2(x¯)
2
µ¯↑ [γ(x¯), p(x¯)] +
x¯2
2
= µ¯↑g, (7.10)
n¯2(x¯)
2
µ¯↓ [γ(x¯), p(x¯)] +
x¯2
2
= µ¯↓g, (7.11)
and
1
π2γ20
=
∫ +∞
−∞
n¯(x¯)dx¯, (7.12)
(
1
π2γ20
)
P =
∫ +∞
−∞
n¯(x¯)p(x¯)dx¯. (7.13)
where γ(x¯) = 2/n¯(x¯). The terms on the left-side hand
of the last two equations emphasize that the properties
of the loud rely on two dimensionless parameters, γ0
and P . In partiular, the oupling onstant in a trap
is ontrolled by γ0, where γ0 ≪ 1 orresponds to weak
oupling, while γ0 ≫ 1 orresponds to the strongly inter-
ating regime.
The numerial proedure for the loal density approx-
imation is straightforward. For given parameters γ0 and
P , and initial guess for µ¯σg, we invert the dimensionless
loal equilibrium equations to nd γ(x¯) and p(x¯). The
hemial potentials µ¯σg are then adjusted slightly to en-
fore number onservation, giving a better estimate for
the next iterative step. The iteration is ontinued un-
til the number onditions are satised within a ertain
range.
A. Density proles: LDA vs BdG
In Fig. 18, we give the density proles obtained from
the loal density approximation using dashed lines. For
omparison, we show also the results of the BdG so-
lutions. Apart from a negligible dierene at the trap
boundary (due to a breakdown of mean-eld theory), we
nd a good agreement. This beomes even better as the
total spin polarization inreases. In partiular, the two
phase separation phases found in the BdG alulations
are evident.
The appearane of the phase separation phases is easy
to understand. Within the loal density approximation,
the loal hemial potential µ(x) dereases parabolially
away from the enter of the trap while the loal hemial
potential dierene δµ(x) stays onstant. It is then evi-
dent from Fig. 15 that with a nonzero spin polarization
we always have a polarized FFLO superuid at the trap
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Figure 18: (Color online) Density proles of a trapped gas,
alulated by the exat Gaudin solution and the loal den-
sity approximation, are shown for several spin polarizations
as indiated. For omparison, we plot also the self-onsistent
mean-eld BdG preditions. They are in reasonable agree-
ment at the enter. A disrepany ours at the trap edge,
where for small polarization, the approximate BdG alula-
tion overestimates the size of the unpolarized BCS shell.
enter where the loal hemial potential (or interation
parameter) is large (or small). Away from the enter
with dereasing loal hemial potential, the gas enters
into either an unpolarized BCS superuid or a fully po-
larized normal loud, depending whether the hemial
potential dierene is smaller than a half of the binding
energy or not. Thus, there is a ritial hemial potential
dierene δµc ≡ ǫb/2 that separates the inhomogeneous
system into two phase separation states: a mixture of a
polarized superuid ore and an unpolarized superuid
shell (FFLO-BCS), or a oexistene of a polarized su-
peruid at the enter and a fully polarized normal gas
outside (FFLO-BCS).
It should be noted that the former phase separation
phase is exoti, as the BCS-like superuid state ours
at the edge of the trap, in marked ontrast to the 3D
ase. This is aused by the peuliar eets of low dimen-
sionality, for whih the gas beomes more nonideal with
dereasing 1D density towards the edge of the trap, and
hene the energy required to break the pairs approahes
ǫb/2 from below. As δµg < ǫb/2, there should be a fully
10-1 100 101 102
0.0
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Figure 19: (Color online) Phase diagram of a one-dimensional
trapped spin-polarized Fermi gas. The dashed line and dot-
dashed line are the asymptoti results for the ritial spin
polarization in the strongly and weakly interating regimes,
respetively.
paired region one the loal ritial hemial potential
δµc,p=0 > δµg, i.e., the BCS-like superuid.
Though the basi feature of the BdG results is well
reprodued by the loal density approximation alula-
tions, we note that there are still some disrepanies that
merit areful examination. First, with dereasing the
density the mean-eld theory seems to fail at the trap
edge, as shown in Figs. (18a) and (18b). For a small
polarization P = 0.05 (Fig. 18b), a notable disrepany
thus ours at the trap edge. The very small unpolarized
BCS shell, roughly from 0.80N1/2aho to 0.85N
1/2aho as
predited by the LDA alulation, beomes strongly over-
estimated by the mean-eld alulation. Seondly, there
are small osillations in the BdG density proles. Pre-
sumably, these osillations, observed also in a box with
periodi boundary onditions, are either due to the pres-
ene of the FFLO states or due to a nite size eet.
Considering the absene of the true long-range order in
1D, we prefer the later interpretation, and regard them
as the Friedel osillations aused by the residual unpaired
atoms. To hek this point, in the BdG alulations we
have varied the total number of fermions, while keep-
ing other parameters invariant. The osillations beome
less pronouned with inreasing numbers of atoms. We
emphasize that in the on-going experiments, the total
number of atoms is about one hundred. Therefore, the
osillations in the density proles ould be observed ex-
perimentally. However, they may hardly be onsidered
as a fundamental signature of the presene of the FFLO
states.
B. Phase diagram of a polarized Fermi gas in traps
We may determine numerially the ritial spin polar-
ization Pc from the ritial hemial potential dierene
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δµc = ǫb/2. In Fig. 19, we present Pc as a funtion of the
interation oupling onstant γ0, giving rise to a phase
diagram of the inhomogeneous polarized 1D Fermi gas
[85, 92℄. Again, the asymptoti behavior of Pc may be
omputed analytially in the weak and strong oupling
limits. These are shown in the gure using a dashed line
and a dot-dashed line, respetively.
Consider rst a strongly interating gas with γ(x) ≥
γ0 ≫ 1. Using the asymptoti expression for the hemial
potential and hemial potential dierene, the resaled
loal equilibrium equations an be rewritten as,
− 1
2
+
π2n¯2 (x¯)
32
[1− p (x¯)]2 + x¯
2
2
= µ¯g,
1
2
+
π2n¯2 (x¯)
32
A [p (x¯)] +
π2n¯3 (x¯)
4
B [p (x¯)] = δµ¯g,(7.14)
where A[p(x¯)] = −1 + 2p (x¯) + 15p2 (x¯) and B [p (x¯)] =
−p (x¯) /4 + 9p2 (x¯) /2 − 67p3 (x¯) /12. Note that in this
limit n¯ (x¯)≪ 1. In the resaled units, the ritial hem-
ial potential dierene δµ¯g is exatly 1/2. Therefore, if
we onsider up to A[p(x¯)] only in the expansion, we nd
that the loal spin polarization should satisfy,
15p2 (x¯) + 2p (x¯)− 1 = 0, (7.15)
whih yields p (x¯) ≡ 1/5 and hene the total spin polar-
ization Pc = 1/5. The improvement to the next order
requires the inlusion of the term B [p (x¯)]. For this pur-
pose, we assume p (x¯) = 1/5 − δ(x¯), where δ(x¯) ≪ 1.
The summation of A [p (x¯)] and B [p (x¯)] terms should be
zero at the ritial polarization. Thus, to leading order
of δ(x¯), we nd that,
δ(x¯) =
32
375
n¯ (x¯) . (7.16)
The density prole n¯ (x¯) an be determined by using the
loal equilibrium equation for µ¯g, whih to a good ap-
proximation
− 1
2
+
π2
50
n¯2 (x¯) +
x¯2
2
= µ¯g. (7.17)
Combined with the normalization ondition,∫ +∞
−∞
n¯(x¯)dx¯ = 1/(π2γ20), we nd that,
n¯ (x¯) =
√
10
π2γ0
[
1− 5π
2γ20 x¯
2
2
]1/2
. (7.18)
Therefore, we determine the ritial spin polarization us-
ing Pc = π
2γ20
∫ +∞
−∞
n¯ (x¯) p (x¯) dx¯ and nd that,
Pc =
1
5
− 256
225π3
√
2
5
1
γ0
,
= 0.2− 0.023208
γ0
. (7.19)
The onsideration in the weak oupling limit is muh
simple. In the resaled units,
δµ¯ [n¯ (x¯) , p (x¯)] =
π2n¯2 (x¯) p (x¯)
4
= δµ¯g, (7.20)
where in this limit n¯ (x¯) ≫ 1. By setting δµ¯g = 1/2, we
then obtain,
p (x¯) =
2
π2
1
n¯2 (x¯)
. (7.21)
Using again the normalization ondition for the total
number of atoms, the resaled (ideal) density prole takes
the form,
n¯ (x¯) =
2
π2γ0
[
1− π2γ20 x¯2
]1/2
. (7.22)
Thus, by integrating out Pc = π
2γ20
∫ +∞
−∞ 2/[π
2n¯ (x¯)]dx¯,
we nd that,
Pc =
γ20
π2
. (7.23)
VIII. CONCLUSIONS AND SOME REMARKS
In onlusion, we have presented a systemati study of
an attrative polarized atomi Fermi gas in one dimen-
sion, both in free spae and in a harmoni trap. The
theoretial approahes inlude the (asymptotially) ex-
at Bethe ansatz solution and two mean-eld approx-
imations: the single-plane-wave approximation for the
order parameter and the self-onsistent Bogoliubov-de
Gennes equations. These useful tools provide us with
quantitative phase diagrams in both uniform and har-
moni trapped systems. Our main results may be sum-
marized as follows, in response to the theoretial issues
raised in the Introdution:
(A) We have laried the struture of the one-
dimensional FFLO states in a uniform gas. For small
spin polarization, the FFLO order parameter behaves like
a lattie of instantons and anti-instantons, whih arry
the exess unpaired atoms. For a large spin polarization,
the singularity of the instantons merges together. Thus,
the form of the order parameter beomes a osine fun-
tion, as originally proposed by Larkin and Ovhinnikov
[29℄. The nodes in the FFLO order parameter lead to a
two-energy-gap struture in the loal fermioni density
of states, whih may be experimentally observable using
spetrosopi methods.
(B) We have determined the nature of the phase tran-
sition from a BCS superuid state to a FFLO phase. It
is a smooth seond order transition. As a onsequene,
a one-dimensional phase separation does not our for
a homogeneous gas. Turning to the trapped ase, we
nd two exoti phase separation phases. However, these
phase separations are simply trap eets.
(C) We have heked the validity of the two mean-
eld approahes in the weakly or moderately interat-
ing regimes, by omparing the results with the exat or
asymptotially exat Bethe ansatz solutions. The mean-
eld methods are found to provide a useful desription
in these regimes. In partiular, by omparing the equa-
tions of state and density proles, we have shown that
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the spin polarized superuid in the Bethe ansatz solution
orresponds to an FFLO state, with a real (osine-like)
order parameter. This orrespondene, however, does
not hold quantitatively in the strongly interating regime.
The Bethe ansatz solutions do not result in any abrupt
hanges for the polarized superuid, as the interation
strengths inrease from the weak to strong regimes.
Though our study is restrited here to the one-
dimensional ase, we an still obtain some insight into
the phase diagram of a three-dimensional polarized Fermi
gas. This is under strong debate at the moment. Two
remarks may be in order in this respet.
One key remark is that the FFLO window in three di-
mension an be expeted to be muh larger than that ob-
tained from mean-eld alulations with a single-plane-
wave assumption for the order parameter. As we have
noted, by improving the form of the order parameter
to the Larkin and Ovhinnikov (LO) type, ∆(x) ∝
cos[q · x], Yoshida and Yip have indeed found reently
that the FFLO state beomes more stable [54℄. Further,
the one-dimensional results indiate that one might ex-
pet a smooth phase transition from the BCS state to
FFLO state in three dimensions, although learly this
needs to be heked with a full three-dimensional alu-
lation.
Another interesting issue onerns the existene of a
phase separation in a three dimensional homogeneous po-
larized gas. From the one-dimensional alulations, we do
not nd any strong indiation for this. Aordingly, the
experimentally observed phase separation may simply be
understood as a trap eet. We note, however, that the
three dimensional strongly interating BEC limit has no
orrespondene in the one-dimensional attrative polar-
ized gas [105, 106℄. It that limit, a homogeneous polar-
ized superuid, whih may be alled the Sarma phase, be-
omes stable [33, 34, 44℄. This phase has a dierent sym-
metry from the spatially inhomogeneous FFLO phase.
Therefore, there ould be another phase intervening be-
tween the Sarma phase and the FFLO phase. This may
be a possible reason for the observation of phase separa-
tion in three dimension. If this exists, we would expet
that phase separation for a homogeneous gas would be
restrited to the strongly-interating regime near unitar-
ity.
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